Proc. Indian Acad. Sci. (Math. Sci.) Vol. 117, No. 3, August 2003, pp. 371-385. 
Printed in India 



Weighted composition operators from Bergman-type spaces 
into Bloch spaces 

SONGXIAO LI 1 ' 2 and STEVO STEVIC 3 

'Department of Mathematics, Shantou University, 515 063 Shantou, Guangdong, China 
2 Department of Mathematics, Jia Ying University, 514 015 Meizhou, Guangdong, 
China 

3 Mathematical Institute of the Serbian Academy of Science, Knez Mihailova 35/1, 
1 1000 Beograd, Serbia 

E-mail: jyulsx@ 163.com; lsx@mail.zjxu.edu.cn; sstevic@ptt.yu; 
sstevo@matf.bg. ac.yu 

MS received 5 June 2006; revised 3 October 2006 

Abstract. Let <p be an analytic self-map and u be a fixed analytic function on the 
open unit disk D in the complex plane C. The weighted composition operator is defined 
by 

uC 9 f = u-(fo(p), f€H(D). 

Weighted composition operators from Bergman-type spaces into Bloch spaces and little 
Bloch spaces are characterized by function theoretic properties of their inducing maps. 
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1. Introduction 

Let D be the open unit disk in the complex plane C. Denote by H(D) the class of all 
functions analytic on D. An analytic self-map <p: D — > D induces the composition oper- 
ator C(p on H(D), defined by Cq,(f) = f {<?{£)) for / analytic on D. It is a well-known 
consequence of Littlewood's subordination principle that the composition operator C«, is 
bounded on the classical Hardy and Bergman spaces (see, for example HI). 

Recall that a linear operator is said to be bounded if the image of a bounded set is 
a bounded set, while a linear operator is compact if it takes bounded sets to sets with 
compact closure. It is interesting to provide a function theoretic characterization of when 
<p induces a bounded or compact composition operator on various spaces. The book (T| 
contains plenty of information on this topic. 

Let u be a fixed analytic function on the open unit disk. Define a linear operator uC<p 
on the space of analytic functions on D, called a weighted composition operator, by 
uC,pf = u ■ (fo where / is an analytic function on D. We can regard this operator as a 
generalization of a multiplication operator and a composition operator. 

A positive continuous function on [0, 1) is called normal, if there exist positive num- 
bers s and f, < s < t, such that 

Mr) ln <t>(r) t 

40, - — r-T°° 



(1 -r) s * ' (1-r)' 
as r — > 1~ (see, for example B2I10I ). 
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For < p < °°, < q < °° and a normal function (j), let H(p,q,<p) denote the space of 
all analytic functions / on the unit disk D such that 

where the integral means M p (f, r) are defined by 

/ i r 2x \ 1 /p 

M p (/,r)=f— ^ \f(re ,e )\"d9j , 0<r<l. 

For 1 < p < oo, H(p,q,(j)), equipped with the norm || • \\ p ,q$ is a Banach space. When 
< p < 1, is a quasinorm on H(p,q 7 (j)), //(/?, g,0) is a Frechet space but not a 

Banach space. If < p = q < °°, then H(p,p,(j>) is the Bergman-type space 

H(p,p,$) = {/ e H(D): ^ \f( z )\P^MdA(z) < «>} . 

Here dA denotes the normalized Lebesgue area measure on the unit disk D such that 
A(D) = 1. Note that if 0(r) = (1 -r) 1 /'', then H(p lPl 0) is the Ber gman space A p . 
An analytic function / in D is said to belong to the Bloch space 33 if 

B(/) = sup(l-|z| 2 )|/'(z)|<-. 

zeD 

The expression B(f) defines a seminorm while the natural norm is given by \\f\\<% — 
|/(0)| +B(f). The norm makes S§ into a conformally invariant Banach space. Let SSq 
denote the subspace of S3 consisting of those / G 23 for which (1 — |z| 2 )|/'(z)| — > 0, as 
|z| — > 1. This space is called a little Bloch space. For more information on Bloch spaces 
see, for example B1I8I1 1I14I15II and the references therein. 

In 0, Ohno has characterized the boundedness and compactness of weighted compo- 
sition operators between H°°, the Bloch space 3§ and the little Bloch space 3§q. In Q, 
Ohno and Zhao have characterized the boundedness and compactness of weighted com- 
position operators on the Bloch space. Weighted composition operators between Bloch- 
type spaces are characterized in [6] (see also [3]). In the setting of the unit ball or the unit 
polydisk, some necessary and sufficient conditions for a composition operator or weighted 
composition operator to be bounded or compact are given, for example, in 11 1 191 1 21 1 31 . 

In this paper we study the weighted composition operators from the Bergman-type 
space H(p,p,(p) into the Bloch space 2% and the little Bloch space 2§q. As corollaries, we 
obtain the complete characterizations of the boundedness and compactness of composi- 
tion operators from Bergman spaces into Bloch spaces. 

In this paper, constants are denoted by C, they are positive and may differ from one 
occurrence to the next. The notation a<b means that there is a positive constant C such 
that a < Cb. If both a < b and b ■< a hold, then one says that ax b. 

2. Auxiliary results 

In this section, we give some auxiliary results which will be used in proving the main 
results of the paper. They are incorporated in the lemmas which follow. 
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Lemma 2.1. Let < p < °°. Iff &H{p,p,§), then 

Proof. Let j3 (z,w) denote the Bergman metric between two points z and w in D. It is 
well-known that 

1 l + |(p z (w)| 

2 l-\(p z (w)\ 

For a € D and r > the set D(a,r) = {z G D: j5(a,z) < r} is the Bergman metric disk 
centered at a with radius r. It is well-known that (see [ 14 1) 

(i-H 2 ) 2 „ i „ i „ i m 

~ (l-kl 2 ) 2 ~ (l-|fl| 2 ) 2 ~ |£>(a,r)|' 1 ; 

when z G D(a,r), where |D(a,r)| denotes the area of the disk D(a,r). 

From (2) and since <j>(r) is normal it is not difficult to see that for a fixed re (0, 1) the 
following relationship holds: 

<Hk|)~<HM), z&D(a : r). (3) 
For < r < 1 and z S D, by the subharmonicity of \f(z)\ p , (2) and (3), we have that 
C 



^>I^(THW/»M I/WI '' MW 



< 



(1 - |z| 2 )<K|z|) -/a !-| w 
c ll^ll//(p : p,(|>) 



(i-|zl 2 )<Kkl) ! 

from which the desired result follows. 

The following lemma can be found in J2j . 
Lemma 2.2. Let < p < °°. Then for f G H(D), 



Lemma 2.3. Let < p <°°. Iff G H(p,p,(j)) and z G D, then 
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Proof. By the subharmonicity of \ f'(z)\ p , (2) and (3), and Lemma 2.2 we have that 
C 



\f'{z)\o< n I \f'{w)\P&A{w) 

(1 - |z| 2 ) 2 JD(z,r) 



c II/IIh(p, p ^) 

- (l-kl 2 ) p+1 <™r 

from which the result follows. 

The following lemma can be found in iflOl . 

Lemma 2.4. For j3 > — 1 ant/ m > 1 + j8 we /lave 
l fi _ r "ij8 

) —dr<C(l-p) l+l3 -' n , 0<p<l. 

The following criterion for compactness follows by standard arguments similar, for 
example, to those outlined in Proposition 3.11 of 0]. 

Lemma 2.5. The operator uC^: H(p,p,<j>) — > S$ is compact if and only if for any bounded 
sequence (f n )neN m H(j>,p,<j>) which converges to zero uniformly on compact subsets of 
D, we have \\uCq,f n \\^ — > as n — » oo. 



3. The boundedness and compactness of the operator uCq,: H(p,p, 0) — ► SB 

In this section we characterize the boundedness and compactness of the weighted compo- 
sition operator uC^: H (p,p, <j>) — ► SB. 

Theorem 3.1 . Suppose that q> is an analytic self-map of the unit disk, u e H(D) , < p < 
oo and that <j) is normal on [0, 1). Then, uC<p\ H(p,p,<j>) — > SB is bounded if and only if the 
following conditions are satisfied: 

® cup (IzWVWj .... (5) 



® sup (M^rX^'fr)! < ( 6 ) 

z6 o0(|<p(z)|)(l-|<p(z)| 2 ) 1+1 /p ' 



Proof. Suppose that the conditions (i) and (ii) hold. For arbitrary z in D and / 6 
H(p,p,(j)), by Lemmas 2.1 and 2.3 we have 
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(l-|z| 2 )|(«C„/)'(z)| 

< (1 - |z| 2 )|«'(z)||/(<p(z))| + (1 - \z\ 2 )\f'(<p(z))\Hz)<p'(z)\ 



<(l-\z\ z )\u'(z) 



i, /, C\\f\\H(p,p4) 



+ C(l-\z\ 2 )\u(z)<p'(z) 



«KI<p(z)|)(i-|<pMI 2 ) 1/p 

ll/|lfl(p,p,0) 



««|<p(z)|)(l-|<P(z)l 2 ) 



2\l + l/p 



/ C(l-|z| 2 )K(z)| C(l-|z| 2 )|«(z)^(z)| \ 

" U(l9(z)l)(l - l<P(z)l 2 ) 1/p «(l9(z)l)(l - l<P(z)l 2 ) 1+1/ V llJllHM) - ( } 

Taking the supremum in (7) over D and then using conditions (5) and (6) we obtain that 
the operator uC^: H(p,p, 0) — > 33 is bounded. 

Conversely, suppose that uC^: H(p,p,(j)) — > 3$ is bounded. Then, taking the functions 
/(z) = z and /(z) = 1 we obtain that the quantities 

sup(l-\z\ 2 )\u(z)(p'(z) + u'(z)(p(z)\ and sup(l - \z\ 2 )\u'(z)\ 
zeD zeD 

are finite. Using these facts and the boundedness of the function <p(z), we have that 

sup(l-|z| 2 )Kz)(p'(z)| <<». (8) 

zeD 

For fixed w G D, take 

(l-|w| 2 )' +1 

fw {z) ~ <p(\w\)(i-wzy/p+'+ l ' (9) 

By Lemma 1.4.10 of [8 1, we know that 

(i-|H 2 )' +1 



M p (f w ,r)<C- 



K\M)(i-r\w\y+ 1 ' 

Since is normal, by Lemma 2.4, we obtain 

<c r (i-h 2 ) p(?+1) <m dr 

~ Jo <j>P(\w\)(l-r\w\)P<->+ 1 ) l-r 

( fM (l-|H 2 ) p(?+1) TO dr 
~ Wo <j)P(\w\){l-r\w\)P('+ l ) l-r 



(l-|H 2 ) p( ' +1) <P p {r) ) 
w\ (j>P(\w\)(l-r\w\)P( t+1 ) l-r r ' 
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<c (l-|H 2 ) p( ' +1) P (M) fH (l-r)P'- 1 , 



<l>P(\w\) (1-\w\ 2 )p'Jq (I - r\w\)P('+ l ) 

- C ' ——!—[ ._.,/ ; C . 

J\w 



^(i -H 2 ) p(r+1) <j>p{\w\) r 1 {\- r y s - 1 

<j>P{\w\) (1 - \w\ 2 )P s J\ w \ (1 - r\w\)P( t+1 )' 



Therefore f w e H(p,p, 0), and moreover sup weD H/wllff^p^) < C. Hence, we have 

C\\uC v \\ > \\fq>{X)\\mp,p,4)\\uCq>\\ > \\uCq>f<p(X)\\& 



> 



{l/p+t+l) S l -\M 2 )HV<p(V<p'(V\ (i-|A| 2 )|«'(A)| 



>(|<p(A)|)(l - |<p(A)|2)i+Vp 0(|<p(A)|)(l - |<p(A)|2)Vp 
for every AeD, from which it follows that 

(i-|A|>'(A)| 

0(|<p(A)|)(l-|<p(A)|2)VP 



<cii«c iiifi/puin (i-W 2 )l»(*MWWI (10) 

- c||mC?,|I + (1//,+ ' +1) 0(|<p(A)|)(i-|<p(A)P)w/p- (10) 

Further, for A <E D, take 

(i-l<p(A)| 2 y+ 2 (i-|<p(A)| 2 )' +1 



8l(z) = 



H\ ( p(X)\)(l- ( p(X)zy/P+'+ 2 <HI<p(A)|)(l-<p(A)z)V/m+i 
Then,sup AeD ||^|| H(PiP) ^ <C, g*.{(p{X)) = and 



0(|<p(A)|)(l-|(p(A)| 2 )W/p- 
Thus, 

(l-|A| 2 )|«(A)^(I)(p'(A)| 



C||«C„|| > ||«C^||«> 



0(|<p(A)|)(l-|(p(A)| 2 )W/^ 
i.e. we have 



(l-|A| 2 )KA)«p(A)«p'(A)| 
AG P0(|«p(A)|)(l-|( P (A)| 2 )i+V P < ' 1 ; 

Thus for a fixed 5, < 5 < 1, by (1 1), 

sup d-|A| 2 )KA)|K(A)| 

0(|<p(A)|)(l-|<p(A)| 2 )i+i/P ' 

For AeD such that |<p(A)| < 5, since is normal, we have 

(l-|A| 2 )|«(A)(p'(A)| C |1|2lj , jWm| 

^ 7; — fflui/^/n l 1 - W )HX)(p (A)|. 



0(|<p(A)|)(l-|<p(A)| 2 )i+i/P - (l-5 2 )i+V/^(5) 
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(13) 

Hence, from (8) and (13), we obtain 

sup (1-|A| 2 )KW(A)| 
W A)|<^(l<P(A)|)(l-|<p(A)|2)i+i/p 

The inequality in (6) follows from (12) and (14). Taking the supremum in (10) over X S D 
and using (6), (5) follows. This completes the proof of the theorem. 

Theorem 3.2. Suppose that <p is an analytic self-map of the unit disk, u G H{D), 
< p < oo, f/zaf is normal on [0,1) anc/ f/zaf uCq,: H{p,p,<j>) — > J? is bounded. 
Then, uCq,: H(p,p,(j>) — > ^ is compact if and only if the following conditions are 
satisfied: 

(i) lim (l-H 2 Mz)l =Q . (15) 

k( z )Hi0(|<p(z)|)(l-|<p( z )P)i/p ' 

(ii) Um (l-kl 2 )!^)^)! =0 fl ~ 

Mz)\^i4(\9(z)\)(l-\9(z)\ 2 ) 1+1/p ' 

Proo/ First assume that conditions (i) and (ii) hold. In order to prove that uCq, is compact, 
according to Lemma 2.5, it suffices to show that if (f n ) n eN is a bounded sequence in 
H(p,p,<j>) that converges to uniformly on compact subsets of D, then \\uC,pf n \\,<g — > as 
n -> oo. Let (/„)„ e N be a sequence in H(p,p,<j>) with sup„ eN ||/n||//(p, P ^) < L and suppose 
/„ — > uniformly on compact subsets of D as n — > oo. 

By the assumptions of the theorem we have that for any e > 0, there is a constant 
<5, < 5 < 1, such that 8 < \<p(z)\ < 1 implies 

(i-MVWI <e/L 



0(|<P( Z )|)(1-|<P(Z)|2)VP 

and 

(l-|z| 2 )|«(z)<p'(z)| 



0(|<P(z)|)(1-|<P(z)| 2 ) 1+1 /p 



< e/L. 



Let f={w£D: |w| < 5}. Note that is a compact subset of D. From this, since <j> is 
normal and using estimates from Lemmas 2.1 and 2.3, we have that 

hCfpfnW^ 

= sup(l - |z| 2 )|( M C,,/„)'(z)| + |«(0)/„(p(0))| 

z,eD 

<sup(l - |z| 2 )|«'(z)/„(<p(z))|+sup(l - \z\ 2 )\u{z)f' n (<p{z)W{z)\ + |«(0)/„(9(0))| 

zeo zed 

< sup (l-\z\ 2 )\u'(z)f n ((p(z))\+ sup (l-k| 2 )|«'(z)/„((p(z))| 
{zgd: <p{z)eK} {zed: 5<|<p(z)|<l} 

+ sup {l-\z\ 2 )\u{z)<p'{z)\\f' n {<p{z))\ 
{zed: (p(z)eK} 
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+ sup (l-|z| 2 )|«(z)<p'(z)||/;((p(z))| + |«(0)/„((p(0))| 

{zeD: 5<|<p(z)|<l} 

< ||m||^sup|/„(w)|+C sup TTT^T^T ^ll^Ll/p H/"Hh(p,p.0) 



(l-\z\ 2 )\u(zW(z) 
0(|<P(z)|)(1-|<P(z)| 2 ) 1 +Vp i 



+M^\r n {w)\+c sup ^.^.j;^ 1 ":;:,;;^,^ !^!!^, 



+ |«(0)/„(9(0))| 

< || M ||,^sup|/„(w)|+Ce+Msup|^(w)|+Ce + | M (0)/„((p(0))|, 

weK weK 

where we have used the fact that uef (see the proof of Theorem 3.1) and where 

M = sup(l-|z| 2 )Kz)(p'(z)|. 

zeD 

Since K is compact and <p e H(D), it follows that, lim„^oo sup weK |/ n (w)| = 0. The set 
{<p(0)} is also compact so thatUm,,^,*, \u(0)f n ((p(0))\ = 0. By Cauchy's estimate, if /„ is a 
sequence which converges on compacta of D to zero, then the sequence f' n also converges 
on compacta of D to zero as n — ► °°. Employing these facts and letting n — > °° in the last 
inequality, we obtain that 

limsup WuCyfnW^ < 2Cs. 

Since e is an arbitrary positive number it follows that the last limit is equal to zero. There- 
fore, uCq>: H(p,p, 0) — ► 38 is compact. 

Conversely, suppose uCq,: H(p,p,<j>) — > ^ is compact. Let (z„)„ 6 n be a sequence in D 
such that |(p(z n )| — > 1 as n — > °°. If such a sequence does not exist conditions (15) and (16) 
are automatically satisfied. Choose 

♦(Wz.HXi-rtzJz) 1 "**"-' 

Then, as above sup ngN ||/n||#(p,p,0) < C and /„ converges to uniformly on compact 
subsets of D as n — > °°. Since «C<p is compact, we have 

||wC v / n ||^ — »■ asn^oo. 

Thus 

WuCyfnW® 

>sup(l-|z| 2 )|(MC,p/ n )'(z)| 



> 



fl/ i f i n (1 - \Zn\ 2 )HZnMZnW(Zn)\ (1 - 

1 /P 'H\9(Zn)\)(l-\9(Zn)\ 2 ) 1 + ^ m(Zn)\)(l-\<p(Zn)\ 2 ^" 
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Hence, we obtain 



Um {llp + t+\){\-\Zn\ 2 )Hz n )<p{ZnW{Zn)\ 
IfWhl <!>(\<p(z n )\){l-W(Zn)\ 2 y + l lr 

= Um (l-\z n \ 2 )W( Zn )\ 

W(z«)\^m{Zn)\)(l-W{Zn)\ 2 ) l l^ 



if one of these two limits exists. 
Next, let 



(i - i<p(z„)i 2 y+ 2 (i-i<Kz n )i 2 )' +1 

8n{z) ~ 



H\<P(Zn)\)(l-<P(Zn)z) l /P +t+2 m(Zn)\)(l-<P(z n )zy/r+>+ 1 

(19) 

for a sequence (z n ) n eN m D such that |fl>(z B )| — > 1 as n — > ». Then, (g n )„ 6 N is a bounded 
sequence in H(p,p,<j>), g„ — > uniformly on every compact subset of D as n — > °°, 
g„(V(z B )) =0and 



/ / / \ \ <j»(Zn) 

r»(9(z»)) = 



H\<P(Zn)\)(l-\<P(Zn)\ 2 ) 1+ ^' 

Then 



(lHz«r)l"faMz»)<P'fa)l 

— — < WuCygnWgl -> (20) 

<KI<Kz„)|)(i-|<Kz„)| 2 ) 1+ ? 



as n — > oo. 

From (20) it follows that 



(i-|z| 2 )HzMz)| = 

W Z)H10(|(P(Z)|)(1-|(P(Z)|2)1 + 1//' • 

Therefore by (18), we have 

W z)Hi^(|(p(z)|)(l-|(p(z)| 2 ) 1 /p ' 
From the last two theorems, we can easily obtain the following corollaries: 
COROLLARY 3.3. 

Suppose that (p is an analytic self-map of the unit disk, < p < °° and that <j) is normal 
on [0, 1). Then, the composition operator C<j>: H(p,p,(j>) — > ^ is bounded if and only if 
the following condition is satisfied: 



(l-\z\ 2 W(z)\ 

J<HI<p(z)|)(i-|<p«I 2 ) 1+1/ " ' 
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COROLLARY 3.4. 

Suppose that <p is an analytic self-map of the unit disk, < p < °°, that <j) is normal on 
[0, 1) and that Cq>: H(p,p,<j)) —> SB is bounded. Then, Cq>: H(p,p,<j>) — » SB is compact if 
and only if the following condition is satisfied: 

Um (IzJgjWWj = 

|*(i)M*(|p(z)|)(l-|P(z)l 2 ) 1+1/ ' 

Since the Bergman space is a special case of H(p,p, 0), we have the following corol- 
laries. 

COROLLARY 3.5. 

Suppose that q> is an analytic self-map of the unit disk, u G H{D) and < p < °°. Then, 
uCq,: A p — > SB is bounded if and only if the following conditions are satisfied: 

(l-|z| 2 )l«'(z)l , (l-|z| 2 )Hz)»>'(z)l 



COROLLARY 3.6. 

Suppose that <p is an analytic self-map of the unit disk, u 6 H(D), < p < °° and that 
uCy: A p — > SB is bounded. Then, uC^: A p —* 2$ is compact if and only if the following 
conditions are satisfied: 

(l-\z\ 2 )\u'(z)\ (l-\z\ 2 )\u(z)<p'(z)\ 



COROLLARY 3.7. 

Suppose that <p « on analytic self-map of the unit disk andO < p < °°. Then, C^:A P 
is bounded if and only if the following condition is satisfied: 

(ld£!!M^l , 

"e£(l-|<P(z)l 2 ) 1+2/p 



COROLLARY 3.8. 

Suppose that <p is an analytic self-map of the unit disk, < p < °° and f/iaf Cj,: A p — > 
^ ;s bounded. Then, Cy. A p ^ S3 is compact if and only if the following condition is 
satisfied: 

(l-|p(z)| 2 ) 1+2 /> ■ 

4. The boundedness and compactness of the operator uCq,: H(p,p,<j>) — » <^b 

Next we characterize the boundedness and compactness of the weighted composition 
operators uCy. H(p,p,<j>) — ► <S?o- F° r this purpose, we need the following lemmas. The 
first lemma can be found in j4j. 
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Lemma 4. 1 . A closed set K in £3§ is compact if and only if it is bounded and satisfies 

lim sup(l-|z| 2 )|/'(z)|=0. (21) 

Lemma 4.2. Suppose that (p is an analytic self-map of the unit disk, u <G H(D), < p < °° 
and that <j) is normal on [0, 1). Then, 

lim (l-kl 2 )K(z)l =Q 

\^i<K\<p(z)\)(i-\<p(z)\ 2 y /p 

if and only if 

lim (IdgjVWj , (23) 

|^)Hi(|.(|<p(z)|)(l-|<p( z )|2)i/p 

uef . (24) 
Proo/ Suppose that (22) holds. Then 



^(|<p(z)|)(l-|<p(z)| 2 )^ 
as \z\ — > 1. 

If |(p(z)| — > 1, then |z| — > 1, from which it follows that 

hm (i^mm ^ 

Wz )Hi^(|(P(z)|)(1-|(P(z)|2)Vp ' 

Conversely, suppose that (23) and (24) hold. By (23), for every e > 0, there exists 
re (0,1), 

(l-k| 2 )|«'(z)| <£ 



0(|<p(z)|)(l-|<p(z)| 2 )^ 

when r < \<p{z)\ < 1. By (24), there exists a e (0, 1), 

(l-| Z | 2 )|«'( Z )|<e(l-r 2 ) 1 /^(r) 

when a < \z\ < 1. 

Therefore, when a < |z| < 1 and r < <p(z) < 1, we have that 

<i-WV(«)l <e . (25) 



<^(|(p(z)|)(l-|(p(z)| 2 )i//' 
If |<p(z)| < r and a < \z\ < 1, then since is normal, we obtain 

(i-\z\ 2 )W(z)\ < M^ijV§ < ^ (26) 



^»(|(p(z)|)(l-|(p(z)|2)i/p 0(r)(l-|<p(z)|2)i/P+.v 
Combining (25) with (26), we obtain the desired result. 

Similarly to the proof of the above lemma, we have the following. 
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Lemma 4.3. Suppose that (p is an analytic self-map of the unit disk, u G H(D), < p < °° 
and that is normal on [0, 1). Then, 

lim q-kl 2 )KzMz)l ^ Q 

|zHi*(l9(z)|)(l-H>(z)l 2 ) 1+1/ > 



if one/ oniy if 



(1-| Z | 2 )| H ( Z )^( Z )| = 

IvWHi *(l9(z)l)(l - l9>(z)l 2 ) 1+1/p 



one/ 



lim(l-|z|) 2 | M (z)(p'(z)| =0. (29) 

|z|->l 

Theorem 4.4. Suppose that <p is an analytic self-map of the unit disk, u G H(D) , < p < 
°° and that <j) is normal on [0, 1). Then, uC^: H(p,p,<j)) — > is bounded if and only if 
uC(p\ H(p,p, <j>) — > ^ is bounded, u G a "<^ 

lim(l-|z| 2 )|«(z)(p'(z)|=0. 

|z|->i 

Proof. First assume that mC^: H(p,p,<p) — > <S$b is bounded. Then, it is clear that 
mC^: H(p,p,<j>) — ► J? is bounded. Taking the functions /(z) = 1 and /(z) = z, we obtain 
that m € and lim^^l - |z| 2 )Kz)<p'(z)| =0. 

Conversely, assume that uCq. H(p,p,<p) is bounded, u G and lirri| z | > j ( 1 — 

|z| 2 )|m(z)<P'(z)| = 0. Then, for each polynomial p{z), we have that 

(l-|z| 2 )|(«C^)'(z)| 

< (1 - \z\ 2 )W(z)\\p(<p(z))\ + (1 - |z| 2 )|«(z)<pW (<P(z))I, 

from which it follows that mC^/? G <^b- Since the set of all polynomials is dense in 
H(p,p,<p), we have that for every / G H(p,p,<p) there is a sequence of polynomials 
{Pn)neN such that \\f - p n \\H{p, P 4) -> 0, as n -> ». Hence 

||«C v /-i<C v p„||^ < ||wC v || ff ( P)Pi 0)^||/-.p„||#( P)Pi 0) ->0 

as n — > oo, since the operator mC^: H(p,p,<j>) — > ^ is bounded. Since is a closed subset 
of we obtain 

uC 9 (H{p,p,<j>)) C # - 

Therefore mC^: H(p,p, 0) — > is bounded. 

Theorem 4.5. Suppose that <p is an analytic self-map of the unit disk, u G H(D), < 
p < oo and that is normal on [0,1). Tnen, mC^: H(p,p,(j>) — > " compact if and 
only if 

(l-|z| 2 )K(z)| _ (l-|z| 2 )|«(z)^(z)| = 

IzHi *(|p(z)|)(l - l<P«l 2 ) 1/p kHi <HI<pMI)(i - l<P«l 2 ) 1+1/ " ' 
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Proof. First, we assume that uCq. H(p,p, 0) — > 28$ is compact. Taking f(z) = 1 we obtain 
that 

uef«. (30) 

From this, taking f(z) = z, and using the boundedness of uCy\ H(p,p,^>) — * 3§q it follows 
that 

lim(l-|z|) 2 |«(z)(p'(z)|=0. (31) 

|z|-»l 

Hence, if ||<p||oo < 1, from (30) and (31), we obtain that 



and 



IzHi 0(|fl>(z)|)(l - \<p(z)\ 2 y/P - kHi 0(||<p||oo)(l - ||<p||2)i/p 
(l-|z| 2 )|«(z)<p'(z)| 



lim 



| Z Hi^(|<P(z)|)(1-|<P(z)| 2 ) 1+1 /p 

<Clim (l^DMMM = 
" kHi^(||<p|W(l-||<p|| 2 ) 1 + 1 /p 

from which the conditions in (22) and (27) follow. 

Hence, assume that ||<p||oo = 1. Let (<p(z n )) n eN be a sequence such that lim„^oo |<p(z«)| 
= 1. If necessary we can take a subsequence of ((p(z n ))neN ( we use the same notation 
(<P(z n ))n&d- Set 

♦(|?(z„)|)(l-^fo)z)>/w 

and 

(i-|<pfe)l 2 )'+ 2 (i-|<pfe)l 2 )' +1 



?n(z) 



H\<P(Zn)\)(l-<P(Zn)z) l /P+<+ 2 H\<P(Zn)\)(l-<P(Zn)z) l /P+ t+1 

By the proof of Theorem 3.2 we know that 

lim o^mmm =0 (32) 

|^)Hi0(|<p(z)|)(l-|(p(z)| 2 )i+i//' 1 ; 

and 

lim C 1 - 1^)1^)1 =0 (33) 

|, W Hi^(|<P(z)|)(1-|(P(z)| 2 )Vp a W 

Applying (30), (31), (32) and (33) with Lemmas 4.2 and 4.3 gives the desired result. 
Conversely, from (7) we have that 

(l-|z| 2 )|(«C„/)'(z)| 

<c ( (l-|z| 2 )K(z)| (l-\z\ 2 )\u(z)<p>(z)\ \ 

- U{\<p{z)\){\ \<p(z)\ 2 y/? h\<p(z)\)(i i<p(z)i 2 ) i+i /v ma ^- 
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Taking the supremum in this inequality over all / e H(p,p, 0) such that \\f\\H( P ,p,<p) < 1 > 
then letting \z\ — > 1, we obtain that 

lim sup (1 - |z| 2 )|(«C <p (/))'(z)| =0, 

l^ 1 II/II«0>,,,*)<1 

from which by Lemma 4. 1 we obtain that the operator mC<j>: H(p,p,<p) — > 38§ is compact. 

From Theorems 4.4 and 4.5, we obtain the following corollaries: 
COROLLARY 4.6. 

Suppose that <p is an analytic self-map of the unit disk, < p < °° and that <j) is normal 
on [0, 1). Then, the following statements hold. 

(i) Cq,: H(p,p, 0) — > £§o is bounded if and only if C^. H(p,p,<j)) — > ^ is bounded and 
(p 6 ^o- 

(ii) Cy. H(p,p,(j>) — ► is compact if and only if 

(i-kl 2 )l<p^)l 

|zH10(|<p(z)|)(l-|<p(z)|2)W/P • 

COROLLARY 4.7. 

Suppose that (p is an analytic self-map of the unit disk, u £ H{D) and < p < °°. Then, 
the following statements hold. 

(i) uCy. A p — ► !S bounded if and only ifuCq,: A p — > 8$ is bounded, u £ &o and 

\im(\-\z\ 2 )\u{z)<p'{z)\=0. 

|z|-»l 

(ii) uCy \ A p — > w compact if and only if 
COROLLARY 4.8. 

Suppose that (p is an analytic self-map of the unit disk and 0< p <°°. Then, the following 
statements hold. 

(i) Cj,: A p — > w bounded if and only ifCq>: A p — > ^ is bounded and <p e <5§b- 

(ii) Cij,: A p — > w compact if and only if 
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